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Consider a dynamic system whose behavior is described by 

z" + 0~ofi + a~) ~ + F (0z = 0 (0.1) 

in which the external force F(t) is very nearly periodic, with frequency 
<< w0. It is known [1,2] that such a system retains its periodic mo- 

tion if the nonlinearity parameter c~ is sufficiently small, and such 
motion will be called stable. Let us examine the conditions under 
which system (0.1) is a dynamic system with mixing in the sense of 
[3, 4], i . e . ,  what are the conditions under which system (0.1) may 
be described approximately by means of statistical laws (the sto- 
chastic criterion, SC). The solution to (0.1) may be represented as 
quasi-periodic motion with a substantially varying phase. The crite- 
rion is deduced from the condition that the time correlations of the 
phase decrease eXponentially. Roughly speaking, we must be able to 
state the moment at which the time sequence of the phases can be 
considered approximately as a sequence of random numbers. It is 
clear that in that case we speak of stochastic motion, not in the whole 
of phase space, but in a region where there is ergodic motion with 
respect to phase. 

There are major difficulties in defining a criterion for stochastic be- 
havior; this criterion has recently [5-8] ~ been derived for some very 
simple physical systems. The titles of these papers show the impor- 
tance of the topic. An equation of the type (0.1) has also been used 
in examining the stability of magnetic field lines in systems of closed 
type. 

Here we give an a~ymptotic method of defining the SC for motion of the 
type (0.1), which allows extension to somewhat more complicated 
systems. The method cannot be said to be mathematically rigorous; 
certain points need a more rigorous basis, although they are entirely 
reasonable from the physical viewpoint. 

w 1. P a r a m e t r i c  f o r c e  wi th  i n s t a n t a n e o u s  a c t i o n .  
C o n s i d e r  f i r s t  the c a s e  in wh ich  the  p a r a m e t r i c  f o r c e  
F(t) h a s  c h a r a c t e r i s t i c  p e r i o d i c  d i s c o n t i n u i t i e s :  

x"+CO~oCi + a X ~ ) x + a ~ , ~ ( t - - t ~ ) x = O .  (1 .1)  

The  j u m p s  at  t k fo l low at  equa l  i n t e r v a l s  T = 1 / ~ .  

B e t w e e n  two such  j u m p s ,  x i s  the  so lu t i on  to the e q u a -  
t i on  

x" + ~0 ~ (i  + a # ) x  ----- 0 .  (1 .2)  

T h i s  e q u a t i o n  h a s  b e e n  s t u d i e d  in d e t a i l  f o r  

a x , , ~ i .  (1.3)  

H o w e v e r ,  i t  is  c o n v e n i e n t  to  r e p r e s e n t  the  s o l u t i o n  
to (1.2) in a s y m p t o t i c - s e r i e s  W K B - a p p r o x i m a t i o n  

f o r m  [9]; u s ing  (1.3) ,  we w r i t e  [8] 

t 

(~ = COo ~ �9 {1.4) 

We a s s u m e  tha t  s u b s e q u e n t l y  s o m e  a p p r o x i m a t e  
e x p r e s s i o n  f o r  x(t) w i l l  be  s u b s t i t u t e d  a s  the  e x p r e s -  
s i o n  f o r  co in (1 .4 ) .  F o r  i n s t a n c e ,  in z e r o t h  a p p r o x i -  
m a t i o n  

r -~ o)o ~ ,  xo = Ao cos O)ot�9 (1 .5)  

In f a c t ,  (1 .5)  i s  no t  r e a l l y  c o r r e c t ,  s i n c e ,  if we 
s u b s t i t u t e  in (1 .2)  f o r  the  f r e q u e n c y  in a c c o r d a n c e  
w i t h  (1 .5 ) ,  we ge t  p a r a m e t r i c  r e s o n a n c e ,  wh ich  in 

f a c t  d o e s  not  o c c u r  in (1 .2 ) .  T h i s  d i f f i cu l ty  i s  e a s i l y  
e l i m i n a t e d  ff in  the  d e f i n i t i o n  of x0 we use  f o r  the  f r e -  

q u e n c y  a v a l u e ,  c o r r e c t e d  in a c c o r d a n c e  wi th  t he  u sua l  

t h e o r y  [10]: 

x 0 = A0cos (Oo + Ao)t ,  Ao = s / s a A o 2  . (1 .6)  

In wha t  f o l l o w s  i t  i s  a s s u m e d  tha t  x0 is  de f ined  by 

(1 .6)  in f o r m u l a  (1 .5)  f o r  w. 
A s e c o n d  c o m m e n t  on the so lu t i on  of (1 .4)  a r i s e s  

f r o m  the  i n e q u a l i t y  

o >~  f~ (1.7)  

f o r  wh ich  (1 .1)  i s  to be  e x a m i n e d ;  a c c o r d i n g  to (1 .7 ) ,  
b e t w e e n  two s u c c e s s i v e  j u m p s  t h e r e  wi l l  be  n u m e r o u s  
po in t s  R e  t* such  tha t  c0(t*) = 0. N e a r  the  po in t s  t* ,  
the  a s y m p t o t i c  So lu t ions  of (1 .4)  b e c o m e  i n a p p l i c a b l e  
b e c a u s e  of the  S tokes  e f f ec t .  L o g i c a l  a l l o w a n c e  f o r  
a l l  the  s i n g u l a r i t i e s  t* l e a d s  us  to m u l t i p l y  the  s o l u -  
t i ons  of (1 .4)  by a p e r i o d i c  f a c t o r  tha t  v a r i e s  s l owly  
in t i m e .  T h i s  e f f e c t  w i l l  be  n e g l e c t e d  if the  e f f e c t  of 
the  j u m p s  in F(t)  i s  i m p o r t a n t  (the c o r r e s p o n d i n g  e s t i -  

m a t e  i s  g i v e n  in Append ix  1). W e  w r i t e  the  so lu t ion  
of a type  s i m i l a r  to (1 .4)  in the  f o l l o w i n g  f o r m  b e -  

t w e e n  two s u c c e s s i v e  s t e p s  at  tn_l  and tn:  

tn 

o)n = COo ] / i  + ax ,  ~, x~ = A~x+ (~) + Anx_ (n) , (1 .8)  

in wh ich  the  b a r  d e n o t e s  the  c o m p l e x  c o n j u g a t e .  The  
con t i nu i t y  of the  s o l u t i o n  at  the  po in t s  t n i s  u s e d  wi th  

(1 .1)  to r e l a t e  A n and A n to An+l and An+l  : 

\An+l 

/ ( • n  § .+ is~) exp iSn+ 1 (~n- -[- ien) exp iSn+ 1 

X \(~n- --  i8~) exp (-- iSn§ (~n + - - i%) exp (-- iSn+~)] X 

*See  a l s o  B .  V. C h i r i k o v ,  D i s s e r t a t i o n ,  N o v o s i -  

b i r s k ,  1959. 

(Ao) 
x i,i,, ; 
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(I 

ID~,+I 

We now e xa mine  (1 .15) .  It has  been  shown [11] that  
the  dynamic  s y s t e m  d e s c r i b e d  by  

~n+l  I + T  

I ~  tn I n 

~n •  r ( 1 . 9 )  
-- O n  ~-1 

It is  convenien t  to put (1.9)  in the condensed  f o r m  

A~+, = Mn An �9 ( 1 . 1 0 )  

The m a t r i x  M is equ iva len t  to an o p e r a t o r ,  ac t ing  
on x(t) ,  fo r  d i s p l a c e m e n t  by T. T h e s e  t r a n s f o r m a t i o n s  
c o n s i s t  in r e p l a c i n g  the in i t i a l  equat ion  (1.1) by the 
equ iva len t  equa t ions  (1.9)  o r  (1.10) in f in i te  d i f f e r -  
ence s. 

F r o m  (1.9) we get  

An+lAn 

+ %~+_____~I ( t  -- ~n-sin 2 9~ -~ 
\ 

(t) n \ 
+ ~ 8~ sm 2% + 8,# cos = % )  i 

A n = l A n l e x p i 9 ~ ,  An+x= [A~+, lexpi%+,  . (1.11) 

F o r m u l a s  ( 1 . 9 ) - ( 1 . 1 1 )  can  be used  only if t h e r e  i s  
some  upper  bound to the magni tude  a of a jump.  Con- 
d i t ion (1.3) g ives  f r o m  (1. t l )  that  

axn ~ max (en, s~ ~) ~ 1 (1.12) 

which m e a n s  that  the n o n l i n e a r i t y  r e m a i n s  s m a l l  
throughout  the p r o c e s s  and that  i t  is  meaningfu l  to 
r e p r e s e n t  the so lu t ions  to (1.1)  in the f o r m  (1 .8) .  

Equat ion (1.11) g ives  the fo l lowing r e l a t i o n  b e -  
tween  the phases*  q~n and ~0n+l: 

~0n+l = {Sn+l ~-arc  tg (-~+1 tg Tn ~ -en)} ,  (1.13) 

in which { . . .  } denotes  the f r a c t i o n a l  p a r t .  
Eva lua t ion  of Sn+ 1 and use  of (1.7) r e p l a c e s  (1.13) 

by 

a A 2) 

( )} ~ , (1 .14)  + a r c t g  ~ t g g ~ + e ~  

which may  be put  a s  

9,~+, = {k/(9.)}, ( 1 . i 5 )  

where  k is  l a r g e  and so  kf(q~n) >> 1 fo r  a l m o s t  a l l  q~n 
a p a r t  f r o m  the s m a l l  r e g i o n  A r  ~ k -1. 

q~.+x = {k%}, k ~ i (1.16) 

is  a s y s t e m  with mix ing ,  i . e . ,  ~ n  m a y  be c o n s i d e r e d  
as  r a n d o m  with a c e r t a i n  d e g r e e  of a c c u r a c y .  This  
f e a t u r e  m a y  be i l l u s t r a t e d  by the phase  c o r r e l a t i o n  

~ ( i )  = 

1 1 

- - - z )  ~ 9 . j  �9 

0 0 

(1.17) 

The in t eg ra l  of (1. 
an equat ion in a f o r m  
we have 

17) has  been  c a l c u l a t e d  [6] fo r  
ana logous  to (1 .16) .  F o r  k >> 1 

R (t) ~ c 1 / k ,  (1 .18 )  

in which C~ ~ 1. It is  r e a d i l y  shown that  

1 

,', (,,,) = I (9o+,,-r  - '=)  d9o 
0 

[i( i\~, 1-1 C 
x %-- "5) ag,~J km " 

o 

(1.19) 

w h e r e  C m ~ 1. Equat ions  (1.18) and (1.19) m e a n  that  
g e n e r a l l y  

R (n) ~ C (n)e -nln~ , (1.20) 

in which C(n) is a function of n that varies slowly rela- 

tive to the exponential factor. The latter is a con- 

sequence of the condition k >> i. The result of (I. 20) 
implies exponential decay of the phase correlation, 

so k >> 1 for (1.16) may* be considered as the stochas- 

tic criterion. 
A similar analysis is possible for (i. 15). We sub- 

stitute (i. 14) into (i. 17) to get 

R (J) -- K -1 , 

K ---- max ( a / o ,  a 2 / o ~ 2 ) a G % ) / ~ t  , (1.21) 

in which G is  the o s c i l l a t i o n  ampl i tude ;  th i s  is  the SC 
fo r  the phase  of the non l inea r  o s c i l l a t o r  d e s c r i b e d  by 
(1 .1) .  T h e r e  i s  a r e g i o n  A ~  n ~  K -1 in which the c r i -  
t e r i o n  is not obeyed ,  and so a m o r e  r i g o r o u s  a n a l y s i s  
r e q u i r e s  an eva lua t ion  of the t i m e  spent  by the s y s t e m  
in such r e g i o n s  ( see  Appendix  2). Condi t ion (1.21) m a y  
be put in the  usual  f o r m  

R(v) - -  <(q~(t)-l/2)(~(t+'O--1/')>~ - ' ~  
<(~ (t) - 1/~.)~> exp -~-0' 

T = (~ In K) -1 (1.22) 
TO ~--- 1--n-K- 

*The p h a s e s  a r e  n o r m a l i z e d  in such a way that  the 
changes  o c c u r  within the r ange  of Eq. (0 .1) .  *In fac t ,  i t  has  been  shown [11] that  k > 1 su f f i ce s .  
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in which < . . .  > denotes  a v e r a g i n g  ove r  the space  of 
~a (t). 

Condi t ion  (1.21) i s  en su red  by the  g r e a t  d i s t a n c e  
be tween  jumps  and thus  by the  p o s s i b i l i t y  fo r  a l a r g e  
phase  change be tween  them.  F o r  a g iven  l a r g e  w / ~ ,  

r educ t i on  in a and in a / w  l e a d s  to v io la t ion  of (1.21), 
in a c c o r d a n c e  wi th  K o l m o g o r o v ' s  t h e o r e m  on the s t a -  
b i l i t y  of mot ion  [1]. 

w 2. Ad iaba t i c  p a r a m e t r i c  f o r c e .  C o n s i d e r  the c a s e  
of an F(t)  in (1.1) that  i s  in a c e r t a i n  sense  the con-  
v e r s e  of the p r e v i o u s  e a s e  w 

x'" -}- ~o ~ (1 + ax~)x  - -  V cos ~ t x  = 0 , (2.1) 

whe re  Coo >> a .  Then the o s c i l l a t o r  i s  under  ad i aba t i c  
cond i t ions ,  and the change in i t s  ad i aba t i c  i nva r i an t  
is  exponen t ia l ly  s m a l l .  Th is  does  not a l low us to ob-  
ta in  a l a r g e  phase  change and c o r r e s p o n d s  to k a lways  
s m a l l  in an equat ion s i m i l a r  in f o r m  to (1 .15) ,  excep t  
when V ~ c0~, when (as i s  we l l -known  fo r  a l i n e a r  o s -  
c i l l a t o r )  the  r e l a t i v e  change  in the  ad i aba t i c  i nva r i an t  
is  on the o r d e r  of unity.  We t h e r e f o r e  n a t u r a l l y  con-  
s i d e r  the r e g i o n  

0 < coo ~ -- V-~ o)o2 (2.2) 

in m o r e  de t a i l .  In o r d e r  to be  ab le  to c o n s i d e r  the 
n o n l i n e a r i t y  s m a l l ,  we put 

ax~ , ~  (+0 ~ - V) / ~0 ~ , (2 .3 )  

which enab le s  us to put the so lu t ion  to (2.1) in a f o r m  
ana logous  to (1.8) v ia  the subs t i tu t ion  

c%(t) = ]/r (t - { - a x ~ n ) - -  V c o s O t  . (2.4) 

The po in t s  C0n(t ) = 0 a r e  s i n g u l a r  po in t s  in the  so lu -  
t ion of (1 .8) .  The ma in  con t r ibu t ion  to the change  in 
the ad iaba t i c  i nva r i an t  c o m e s  f r o m  those  po in ts  to in 
the complex  plane of t that  l i e  n e a r e s t  to the r e a l  a x i s .  
F r o m  (2 .2) ,  Re t o ~ 27r/~, and the po in ts  Re t o can  be 
i n t e r p r e t e d  as  j umps  by ana logy  with the c a s e  con-  
s i d e r e d  in the p r e v i o u s  sec t ion .  M a t r i x  M is  s i m i l a r  
to that  of (1.9) with the  subs t i tu t ion  

2 coo~ a " (2.5) 

Condition (I. 21) here becomes 

K = e-SaG%) I f~ ~ 1 . (2 .6 )  

But (2.2) and (2.3) ind ica te  that  (2.6) cannot  be  
obeyed;  fo r  5 su f f i c ien t ly  s m a l l  and in the  l i m i t ,  we 
get  K ~ 1 f r o m  (2.3) ,  which c o r r e s p o n d s  to a r eg ion  
i n t e r m e d i a t e  be tween  s t ab i l i t y  and s tochas t i c  b e h a v i o r ,  
so the  mot ion  may  be sa id  to be confused;  i t  i s  d i f f i -  
cul t  to examine .  

N e a r l y  s t ochas t i c  mot ion  m a y  be ob ta ined  if we r e -  
p lace  (2.2) by 

0 < V - O)o~ , <  ~0~ , 

and hence  (2.3) by  

ax%)o ~ ~ V - -  r ~ . (2 .7 )  

In th i s  c a se  t h e r e  i s  a r eg ion  w h e r e  r < 0, and 
the mot ion  b e c o m e s  uns tab le ;  the ampl i tude  i n c r e a s e s  
exponen t i a l ly ,  and the change  a f t e r  p a s s a g e  th rough  
the r e g i o n  of o r d i n a r y  i n s t a b i l i t y  m a y  be  suf f ic ien t  to 
m e e t  the  SC, s ince  m a t r i x  M in th i s  c a s e  t a k e s  the 
f o r m  [12] 

ie I~l 
~ ] '  

in which 5 i s  def ined by (2.5) ;  if we a s s u m e  that  6 ~ 1, 
the  i n s t a b i l i t y  does  not g row v e r y  r a p i d l y ,  AXn/X n 

eJSl' i and the SC t akes  the  f o r m  

K = e l ~ I a @ ~ / ~  >~  i .  (2.  s) 

It is  r e a d i l y  s een  f r o m  (2.7) and (2.8) that ,  fo r  5 
not v e r y  l a r g e ,  the  s t o c h a s t i c  i n s t a b i l i t y  i s  of the  
s a m e  o r d e r  as  the i n s t a b i l i t y  in the  r eg ion  w2 < 0, 
and (2.8) is  not v e r y  s t r o n g  (K > 1). The c a s e  K >> 1 
can  be  p r o v i d e d  by  l a r g e  6, when the  i n c r e a s e  in 
ampl i tude  on account  of p a s s a g e  th rough  the r eg ion  
of dyna mic  i n s t a b i l i t y  is  much g r e a t e r  than the in-  
c r e a s e  on account  of the s t oc ha s t i c  i n s t ab i l i t y .  

In the ca se  of (2 .1) ,  t h e r e  i s  thus only a v e r y  s m a l l  
r a n g e  of in i t i a l  a m p l i t u d e s  in which s tochas t i c  i n s t a -  
b i l i t y  can  deve lop .  

S tochas t ic  i n s t ab i l i t y  in s y s t e m  (2.1) cannot  deve lop  
for  a long t i m e ,  s ince  the i n s t a b i l i t y  c a u s e s  the non- 
l i n e a r i t y  to i n c r e a s e ,  and the s y s t e m  p a s s e s  out of the  
r e g i o n  of s t r ong  r e s o n a n c e .  

w 3, E x t e r n a l  f o r c e  with in s t an taneous  ac t ion .  The 
above  method  f o r  the SC m a y  be  ex tended  to s y s t e m s  
d i f f e ren t  f r o m  (0.1) .  F o r  i n s t ance ,  l e t  the f o r c e  F(t) 
of d i scon t inuous  type  as  in w 1 be  e x t e r n a l  [5]: 

x'" + o)0 ~ (t + a x  ~) z = o~oP ~ ,  6 ( t  - -  t~) , (3 .1)  
k 

in which the s t e p s  follow at equal  i n t e r v a l s  T = 1/~2. 

As  in w 1, we have so lu t ions  a s  in (1.8) be tween  two 
s u c c e s s i v e  j u m p s  t k. The re  is  the fo l lowing r e l a t i o n  
be tween  the a m p l i t u d e s  and p h a s e s  at  point  tn: 

1 I A,~ l cos % ----- An+l I cos (%+1 - -  S~+1), 

tg (%+1 - -  S ~ + I )  = fD~n tg (Pn -1- an, 
0)n+ 1 

An+l 2 

=%~+.----Z-~ [ l - - ~ n - s i n 2 q ) ~ -  2e,~ ~ (% s i n %  +(e~) ~] 
O) n fO?~ +1 ' 

en~ P 1/'-~'~ �9 ( 3 . 2 )  
e n  ~ cosq)'--~ ' 8n~ ~ A n (On+ 1 

F o r m u l a s  (3.2) show that  the a r g u m e n t  i s  s i m i l a r  
to that  of w 1, with subs t i tu t ion  of e n in the m a t r i x  of 
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(1 .9 ) .  H e r e  e n i s  d e p e n d e n t  on A n and qo n,  so  t he  

m a t r i x  i s  n o n l i n e a r .  

By  a n a l o g y  wi th  (1 .21)  we have  the  SC a s  

K = m a x  (e= ~ (e.o) 2) a G % / ~ > > t  , 

o r ,  s u b s t i t u t i n g  f o r  a~ f r o m  (3 .2 ) ,  

(3.3) 

The left side is exponentially small, so this inequality is easily 
met at the same time as the SC of (1.21). 

Appendix 2. Let some phase step of the oscillator be ~o0 << K "1. 
Consider the time spent by the system in the region where the SC is not 
obeyed, i . e . ,  q ~. K "1. As this region is small K "~ << 1), this esti- 
mate clearly applies also to (1.15) and (1.16), which  for q give 

qh = K % ,  epi = K2%, . . . ,  ep (t) ~ K a t  % ( ~ t > ~ l ) .  (A.2.1) 

K = a G P ( o / f l ~ . t  (P ~ G), 
Then (A. 2.1) and the condition for attainment of the stochastic 

boundary give us the time t o spem in the region o0K << 1: 

K = a P " ~ o / f ~ > ~ . l  (P>~N:,G). (3 .4)  

In t he  l a s t  i n e q u a l i t y  of ( 3 . 4 ) ,  i t  i s  a s s u m e d  t h a t  

the  c o n d i t i o n  of s m a l l n e s s  of  oLx 2 in  (3 .1)  i s  o b e y e d :  

aP ~ ~ t .  

w Conclusions. 1) The cases of w167 show that the general 
basis for deriving the SC involves constructing a transition matrix 
corresponding to the time-shift operator and deriving an effective 
parameter e characterizing the relative change in the adiabatic in- 
variant. It is clear that it is easy to deduce the criterion for the case 
of a small nonlinearity of arbitrary type and for F(t) such that 

In %-1 t 
~:o In -2-- to ~ ~ - - - ~ - -  ~ 0  (A.22) 

It follows from (A.2.2) and (1.22) that t0 >> r0, so the probability 
of a fluctuation with ~o0 << K "1 is exponentially small (~exp(--t~ t 
/r0). If ~0 ~ 1, (A.2.1) shows that the system reaches the stochastic 
region after a few jumps. 

The difference between (1.16) and (1.15) makes itself felt, in 
particular, in that in the first case there are three regions for which 
the probability of entry is exponentially small. A special study is 
required in order to evaluate the time spent by the system in the re- 
gion where]Kcos ~01 < 1. 

R E F E R E N C E S  

#~) (t) = Q ~] ~ ( t -  t p ,  (4.1) 
k 

in which n is a derivative of any order. 
2) In the case F(t) = A sin at of } 2, the role of F(t) can be played 

by another oscillator y whose inertia is so great that the influence of 
oscillator x on y can be neglected to a first order [8]. 

3) The above involves the major question of the time during which 
these results apply. The behavior can be described by a kinetic equa- 
tion if the SC is obeyed; but the nonlinearity becomes great after 
the lapse of a large time, and other methods are required in order 
to examine the problem. The question of estimation of that time re- 
mains open. 

I am indebted to R. Z. Sagdeev for directing my attention to the 
topic and to B. V. Chirikov for valuable advice and comments. 

Appendix 1. Consider the influence on the solution of (2.4) from 
points t* such that ~v(t* ) = 0. In accordance with (1.g) and (1.6), 
the t* satisfy 

I "Jr aG ~ cos~mt * = 0. (A.I.1) 

Then the roots of (A.I.1) lie in the complex plane very far from 
the real axis and follow periodieally (frequency w) along that axis. 
The contribution of such singularities to change in the amplitude of 
the solution is exponentially stoat1 and is on the order of 

exp{- -  ~ = ~ l ~ )  < t ,  (A.1.2) 
+ } 4 t  , dlnco / d l n z \  -1 

in which $ characterizes th~ slowness of the change. From (1.2) and 
(A. 1.2) we get B m (aG~) 1/2, so the totaI amplitude change AG be- 
tween two successive jumps is 

A__GG6 --  -fl-- exp --  . (A.1.3) 

On the other hand, the change due to a jump is AG/G ~ ~ = a / w ,  

i . e . ,  

o 
-~- exp --  ~ -~- �9 (A. 1.4) 
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